3.23 Fall 2006 — Recitation notes: Math overview

1. Complex Functions

General

Complex number: z=ZzZ+iz" < z=r [&"

Imaginar
T gnary Z=rcosd)
z'=rsin(9)
z' r=vz2+2?
-z
: n(0)-2
0
» Redl

-
Function of a complex numbef:(z) = u(z,2') +iv(z, 2")

Differential of complex functions
How do we differentiate a complex function?
df _ lim f(z+02)- f(2)
dz 4z-0 Az

Example: f(x+iy)= x+i2y. What isthe derivative at z=0?

=>» depends on how Az approaches o:

i2y
. X—»O,y—»O _— =
i=|ingx+'.2y= ly
Z J XYy Lo x.o0 X=1
X

= A complex function is differentiable if df/dz exists and does not depend on the way z>0.
Cauchy-Riemann conditions:

ou(xy) _ ov(xy) . du(x,y)
ox ay

__ov(xy)

= fisdifferentiable
oy ox

Some special functions
Trig. Functions: € = cos() +isin(d) = cos(d) = 3 (¢ +e7);sin(6) = 1 (€¢ - ™)

Hyperbolic Functions: cosh(z) =3 (e? +e7?);sin(2) = 1(e* - ¢7?)

Log function: In(z) =In(r)+i6



Integration of complex functions

Imaginary

2 options for integratior: andlinear integration

Cauchy theorem & Residue theorem
Let's define a piece-wise regular closed curvéenendomplex plane as C.

If f(z) is analytic on a curve C, and within thearenclosed by C, thegﬁ:f (z)dz=0
C

: Res(f (Zj ))

Without going into detail let us introduce the “&%of a singularity:

If f(z) hasmisolated singularities within C, thajnf (z)dz= 27
c j

If f(z) has a pole of order n a§ 2 g(z)= f(z)(z-z,)" is analytic

1 d"g(2)

R ()= (25512

7=z,

2. Linear Algebra

Vector Space

A linear vector space is a set of objects withtaoeules of manipulation.
1. Define a set S of vectors;Ju
2. Define addition of two objects, =u, + U,

If u V1S = u+vilS

There exists a zek@ctorO: u+0=u

For every vector[uS, there exsits an inverselS, such that u+\&

Addition is commutative g-u,=Uy+U;

® 2 o T o

Addition is associative ti(Uy+uz)=(Uy+Up)+Us3



3. Define multiplication by a number, = c [T,

If udS, dudS

1=u;

Multiplication is associative;€c,[U;)= (c,[Gy) Wy

o o T p

Distributive law of numbers {€c;);=c; [0y +Co [ty
e. Distributive law of vectors;§u;+uy)=c; [ +¢; [y
4. Define a scalar producti,=scalar
a. ulpisreal
b. Ww=Cili+CoUp 2 Williz=C; Usls+Cp Uglp
c. wu,>0 (equality for0)
NOTE:

1. We can find different ways of defining multi@ioon and addition, as well as different
ways of defining the scalar product

Vector space requires addition and multipliaatio
Metric space is a linear space with a scaladyrd

4. vectors are usually representediasr |u)

Linear Operators
Can we define a function on a vector?

c;=f(u1) & a function that returns a number. For exarp|e) = c

u=f(u;) = a function that returns a vector. For examélla> =|v)

Linear Operators are defined over a linear veqtacs by demanding

Basis of a linear vector space

Since we said that combining two vectors resultaninther vector that is inside the linear space,
one can pose the following question:

What isthe minimum number of vectorsneeded in order to completely define the space?

In other words, can we find a set of vectors thatoan use in order to create all the other vedtors
the space?

We’ve seen many examples of that before:

« Inthe 3D vector space we needed the set of treens{%, §, 2} .

« When we talked about wavefunctions we use@dy: ¢(x)= ZCnun(x)



In both cases the set of vectors is calledbidms for the vector space, and the basis is saghan
the space. The number of vectors required to ftwrerbisis are also referred to asdheension of
the vector space.

What we’ve also seen in class is that for a mefpace (a space with an inner product) we can find
the coefficients for the linear combination:

V=>c,,;c, =V,
n

3. Fourier series

Sine and cosine as an orthogonal basis

Let’'s consider the set of functions sin(mx) and(or} where m,n are integers. Let’s consider the
linear space which is the real, continuous, firateg periodic functions in the®Tg range. The dot

product on this space is given by:f |g>= If(x)g(x)dx. Let us consider the dot product

between sine and cosine functions.
j SiimXCognx)dx = 0
Sin(mX)Cognx) = (Slr(m n)x+ Sin(m+ n)x)

J'Sln(mx)Cos(nx)dx = (ml )Cos(m n)x + Cogm+ n)x

2(m+n)
Cogx) = Cod- x) = IJTSir(mx)Cos(nx)dx =0

]’TSin(mx)Sin(nx)dx: i, ,

Sin(mx) Sin(nx) = (Cos(m n)x—Cogm+ n)x)

[ sinmYsin(nXdx = (ml )Slr(m n)x mSir(m+n)x
Sir(x) —Sl _[Sln(mx)Sln(nx)dx—{?T 22:

J'c:os(mx)Cos(nx)dx =D,



This means that all the sine and cosine functioe®ehogonal to each other, and since there are an
infinite number of them, they form a complete bdsrsall functions in that range. Turns out that in
order for the basis to be complete, there’s oneemianction needed:q(x)=const. You can check
and see thatgus perpendicular to all the sine and cosine flomsi

Instead of normalizing the functions Sine and Cegsihis customary to re-define the inner product

as< f|g >:1J'f(x)g(x)dx, which results in the sine and cosine being named! Under this
Vg

=T

normalizationu, = \/%

Fourier series: part |

By the definitions of a linear space and a basiyg, fanction in the range {fg1} can be written as
linear combination of sine and cosine functions:

f(x)= % a, + i a,Cognx) + i b, Sin(nx)
n=1 n=1

with: a, :7% j f(x)dx a, :7% jCos(nx)dx b, :7% j Sin(nx)dx

=T

(note that we’ve taken th@% from @ and added it tog)

Dirichlet conditions & Gibbs phenomenon

Dirichlet conditions for a piecewise regular fulctif(x)
1. f(x) has a finite number of finite discontities and
2. f(x) has a finite number of extrema

Such a function can be expanded in a Fourier sérieshich converges to the function at
continuous points [(I(x) = f(x)) and the mean of the positive and negative limitpoints of

discontinuity(C(x) :%(nmwa f(x)+lim f(x)).

At the discontinuity points one always observes twhaknown as thé&sibbs phenomenon. The
Fourier series (and other eigenfunction expansiomes)d to oscillate strongly around the
discontinuity, creating an “overshoot” near theedg
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The previous graph shows the expansion of a squave with increasing numbers of terms. It
illustrates both the convergencelafand the Gibbs phenomenon.

Fourier series: part Il

It can easily be shown that rather than looking- &t} one can use any finite range o{x%+2L}
and rewrite the Fourier series

f() S8 Za Co{ 3 ]+Zb Slr{nfx]

x0+2L x0+2L x0+2L

== I x)dx a, == ICos(nxdx b, == Islr(nx

Furthermore, using Dirichlet conditions removesréguirement of having a periodic function.

= For a periodic functiol(x) has the same period as the function and thexefan be used to
represent f(x) for any x.

= For a non-periodic function, we can usg) to represent f(x) within a finite region in gga

Fourier series: part Il
Another way of defining the Fourier series is usihg exponential form, also known as the
complex form:

x0+2L

( ) ZC elnnx/L andC _i J' mnx/LdX

One can show that the coefficients of the two foaresrelated:
i(a, -ib,) n>0

C, = %a_n+ib_n) n<o0
18, n=0

Note that this is just a representation of the sametions in a different basis for the vector spac

Fourier Transforms

We saw that as long as the function is finite amatiouous we can usé(x) to represent f(x) (if f(x)
obeys Dirichlet conditions then we can still use Hourier series, but it will not be accurate &t th
discontinuity). Let us now expand the range 2L.aAsater of fact, let us expand the range in the
special case of {-L/2,L/2}, where®~. Can we still use the Fourier series?

The answer is yes, as long as L is finite, but weinto trouble when L approaches infinity. Instead
of discrete gnumbers and an infinite sum we use an integralaafuhction c(n’).

0 00

f(x)= > c,e* ™) Tc (ne*™*dn' andc(n’) = jf(x)e‘zm'xdx

n=-o n/L- n'
¢y —c(n’)dn’

—00



Putting things in the common notatioh>k, c(n’)>F(k), one can define the forward and inverse
Fourier transforms:

F(k) = jf(x)e'z"kxdx f(x)=0*F(k) = jf(x)eZﬂkxdk
In physics, you'd usually see a slightly modifiedrh of the transforms:

F(k) = 0(f (x)) = f—j

4. Taylor series

f(x)e™dx = f(x)=0*(F (k)):% j f (x)e™dk

Taylor series are very useful because they prozidenplified expression for a given function that
is a good numerical approximation around a cenailue. This derives from the fact that any
function can locally be approximated by a polyndraipression of arbitrary degree.

Here are a few examples:

2, .3 =
=l4+utu'+u +...= % u"
1—u n=0  foru- O

Now you can easily find the Taylor series for tla¢unal logarithm:

1 T
—dt = [(1—t+2—+t1—.. ) dt
0 1+¢ L[xz +3 $4+ )
T 0o "
Infl+z) =2z——+———+...= ¥ (-1)""—
{ ) 2 3 4 ﬂ.gl( j n forx- 0
2  z° o ph
e=14+5+—+—+...= -
2 6 n=0 7 forx - O

Note: &€ must be equal to its derivative.

. 00 o+l
§SNT == —+——o = 1)t
c=emgta Tt T B T B
The cosine function simply follows from the derivatof the Taylor series of the sine function:
cosE = isin::
K 3 45 7
d T T
- —[E— +__ +t||)
dx . 3! . 5;5 7! .
£ £I 0 Mh
=l gt = R
2 4 @ =0 @) forx - 0



5. Trigonometry

Some useful formulae:

tan(a) = sin(a) / cos(a)

cos(a) + sirf(a) = 1

cos(a + b) = cos(a)cos(b) - sin(a)sin(b)
sin(a + b) = sin(a)cos(b) + cos(a)sin(b)
sirf(a/2) = (1 — cos(a)) / 2

cos(a/2) = (1 + cos(a)) / 2

6. Reference:
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